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Eddy Currents in an Infinitely Finely Segmented Hall Generator
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E. 8. Jerr,* D. L. DEnzEL,t Axp Y. C. L. Wui
The University of Tennessee Space Institute, Tullahoma, Tenn.

The eddy currents in the cross-sectional plane of a conducting side wall Hall generator are
studied. Fluid velocity and temperature effects are investigated by assuming two different
types of flow, i.e., fully developed laminar flow and turbulent boundary-layer flow. The
working fluid is a seeded combustion gas where the compositions were calculated by assuming
chemical equilibrium. The electrical conductivity and Hall parameter are allowed to vary
as funetions of temperature and pressure, and their values are calculated based on approx-
imations formulated by Frost. Cold and hot channel wall conditions reveal quite different
current distributions under laminar, fully developed flow conditions, with the cold wall dis-
tribution being much more nonuniform. Under turbulent boundary-layer flow conditions,
however, cold and hot wall current distributions exhibit relatively minor differences, with
both cases approaching the limiting case of constant velocity and electrical properties. In-
creasing the magnetic field strength and Hall parameter tends to increase the nonuniformity
of the current distribution. The power output of the Hall generator is shown to depend
strongly on the wall temperature under laminar, fully developed flow conditions, but this
dependence is greatly reduced when the turbulent boundary-layer velocity profile is assumed.
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Introduction

L XPERIMENTAL work conducted by the MHD research

group at The University of Tennessee Space Institute
using a copper-walled MHD Hall generator, as illustrated
in Fig. 1, had shown that a large fraction of the current
was flowing to the side walls of the generator.! The flowing
of part of the current to the side walls of the generator was not
particularly surprising in itself. However, the effect had not
been previously noted since most of the experimental work in
MHD power generator has used channels with nonconducting
walls parallel to the magnet pole faces. This work, then, is an
attempt to theoretically verify the aforementioned effect
and determine the effects of the side wall currents on generator
behavior.

The current distribution in MHD channels has been
studied quite completely for certain conditions. Since the
three-dimensional current distribution problem has not been
solved, most studies so far have chosen one of two planes
for a two-dimensional investigation. A plane parallel to
the axial coordinate would be chosen in order to study the
current distribution along the channel, where finite electrode
segmentation may be included. Examples of this kind
of study include those by Celenski and Fischer,? and Oliver.?

However, this particular study is concerned with the
cross-sectional current distribution, so a plane perpendicular
to the axial coordinate is chosen. Important early work in
the cross-sectional plane of MHD channels was performed by
Shercliff * who considered the fully developed, incompres-
sible flow of a viscous, electrically conducting fluid through a
rectangular channel with nonconducting walls. The elec-
trical conductivity of the fluid was assumed to be constant,
and the Hall effect was not included. He found that for
sufficiently high applied magnetic field the flowfield became a
core of uniform flow surrounded by boundary layers on each
wall. By some additional reasoning, he was able to extend

Received September 11, 1969; revision received February 24,
1970. Work was sponsored by the Air Force Office of Scientific
Research, Office of Aerospace Research, U.S. Air Force, under
Contract F44620-69-C-0031.

* Graduate Research Assistant; present address General
Dynamics, Fort Worth, Texas.

1 Assistant Professor, Electrical Engineering.

1 Associate Professor, Aerospace Engineering. Member ATAA.

the solution to channels of any symmetric cross-sectional
shape.

In later work, Shercliff® considered circular channels
with conducting walls. Following a procedure similar to
that used in his earlier paper,* Shercliff again found a core
region and a boundary-layer region in the flow. The current
density in the core region was found to be uniform and in the
direction of the induced electric field, perpendicular to both
the applied magnetic field and the direction of fluid flow.
The current loops were completed by the current returning in
the boundary layer and wall.

Tani® used a minimum prineiple to develop an approximate
solution for MHD flow through rectangular channels. How-
ever, the method can be extended to arbitrary cross-sectional
shape. . He considered cases both where all walls are elec-
trically nonconducting, and where a pair of the walls is
nonconducting while the other pair is electrically conducting.
Constant electrical conductivity in the fluid was assumed
and the Hall effect was included for small Hall parameter.
He found that the inclusion of the Hall effect produced a
cross flow in the fluid with a double swirl pattern.

Chang and Lundgren,” also assuming constant conduc-
tivity, solved the rectangular duct flow problem where the
walls are conductors. They found that increasing the wall
conductivity tends to decrease the average velocity of the
fluid. They also found a solution for flow in arbitrary
symmetrical channels, and improved upon Shercliff’s solution’
by not restricting the wall conductivity to be small. Their
results for perfectly conducting walls and a large Hartmann
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Fig.1 Hall generator configuration.
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number were similar to Shercliff’s results for walls of small
conductivity in that the velocity tends to be uniform except
in a thin boundary-layer region.

Carlson® proposed a Hall generator with nonconducting
walls but with wire electrodes extending entirely across the
channel. The wires lie in one or more planes perpendicular
to the applied magnetic field, each wire being perpendicular
to the direction of fluid flow. Constant conductivity and
Hall parameter were assumed in addition to the assumption
of uniform velocity. He found that the performance of the
generator was dependent on the value of the Hall parameter.
The current was found to flow from one end of the wire
electrode, through the fluid, and back into the other end of the
electrode.

Hughes and Young® give a good summary of work in
the cross-sectional plane of rectangular and circular channels,
showing ecurrent and velocity distributions for different
channel configurations. All cases shown, however, are
under the assumptions of constant eleetrical conductivity
and negligible Hall effect.

More recently Lengyell® studied the current distribution
in both the zy plane and yz plane for a Faraday generator.
He considered a fully developed laminar flow with non-
equilibrium ionization.

Formulation of the Problem

An exact solution of the problem would require the si-
multaneous solution of the electromagnetic equations,
i.e., Ohm’s law and the Maxwell relations, together with the
fluid dynamic equations with the induced Lorentz force
as a body force and joule heating as a heat addition term. In
order to avoid this highly complex situation, it is
assumed that the MHD forees have a negligible effect on the
fluid flow, which effectively drops the electro-magnetic terms
out of the fluild dynamic equations. This assumption
restricts the solution to be valid only for small interaction
parameters. Thus the fluid dynamic equations, uncoupled
from the electromagnetic equations, may be solved inde-
pendently.

The geometry of the problem is illustrated in Fig. 2.
Additional assumptions are as follows: 1) steady state;
2) no variation of properties in the axial direction, i.e., 0/0z =
0 (this assumption also implies infinitely fine electrode seg-
mentation, so that no current concentration occurs on the
electrode edges or in the ehannel); 3) small magnetic Reynolds
number, so that the induced magnetic field is much smaller
than the applied one and can be neglected.

The problem as formulated is governed by electromagnetic
equation only with known fluid properties, since the fluid
dynamic equations are assumed to be decoupled from the
electromagnetic equations.

The first governing equation is the generalized Ohm’s law,
which relates the current density vector j to the electric
field vector E. It may be written

j=o®+VXB)— (B)[XB) )

where B is the magnetic field vector, V is the fluid veloeity
vector, o is the electrical conductivity of the fluid, and ©
is the Hall parameter.

The other governing equations include the conservation
of current density :

V-j=20 (2)
which comes from one of the Maxwell relations, and
VXE=0 &)

which expresses the irrotationality of the electric field.
Ohm’s Law may be written in component form, giving
the eurrent densities in the three space coordinate directions;

7o = [o/(1 + Q)][(E. — vBy) + QE, + uBy)] (4
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Fig. 2 Channel element in the cross-sectional plane.

Jv = [/ 4+ QYI(E, + uBo) — QE. —vB)] ()

Jj. = ok, (6)
where B = —Bgk and B, is the constant applied magnetic
field. .

Expanding Eq. (2), recalling that 0/0z = 0, results in
2y , e _
0 +5,=0 (")

Thus, a current function ¥ can be defined for the two
current density components j, and J.

Jy = O¥/dz and j. = —0Y/dy ®)
From Eq. (3) and the assumption of 9/0x = 0, we have
OE./oy — OE,/0z = 0 (9)
and
OE./dy = OE./0z = dE./ox = 0 (10)

Equation (10) gives the important result that E. is constant.
Equation (9) allows the introduction of a scalar potential
¢ defined by

E, = —00/0y, E. = —0¢/0z

A partial differential equation in ¢ can be obtained by
allowing o, Q, u, and v to be functions of y and 2, and eliminat-
ing j from the Ohm’s Law by Eq. (7). The following equation
is obtained after some rearrangement:

O Q% O lno d¢ O Ing 0¢
- 92 - - 2y ——— - ~— T
Dy2+(1+ >022+ oy ay+<1+9) 5 o7+
Q. — 0By — uBy] 20T — B, 2 4 5,2
oy oy oy
dv | 2%\ | 2Q0Q/dy
B°<Qby+vby>+ T

[uB0 - 2—;” - QE, — vBo)] =0 (@11

This equation must be solved for ¢ within the region
bounded by the four walls of the MHD channel. The
boundary condition for Eq. (11) is that the potential ¢ is
constant on the surrounding walls, since the walls are assumed
to be perfect electrical conductors.

Thus, the problem is now reduced to solving Eq. (11)
by providing E. and By, which are both constants, along
with distributions for Q,2), ¢(y2), u(y,2), and v(yz2).
Different distributions of these properties will be assumed
in order to simulate different generator operating conditions.
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Fig. 3 Variation of conductivity with temperature at
various pressures for a potassium seeded (19, by wt) com-
bustion gas.

The result will be a distribution of ¢(y,z) corresponding
to the operating conditions implied by the property distri-
butions. This will allow the calculation of (d¢/0y) and
(0¢/0z) which along with the property distributions may
in turn be used to obtain distributions of the current density.

The total available generator current 7 is the integral of the
Hall current j, when the generator is connected as a Hall
generator. Thus, 7 can be found as a function of j, by
integrating j. over the cross-sectional area, as

i = [Aj.dyde : 12)

Velocity Distributions and Fluid Properties

Because of the presence of velocity, conductivity, and
Hall parameter terms in the differential equation in Eq.
(11), the velocity and other fluid property distributions in the
channel must be given. It will now be assumed that only
the axial component of velocity is of importance. Thus, v
and 0v/dy drop out of the equations. Two cases for the dis-
tribution of u(y,z) have been considered: fully developed
laminar flow and turbulent boundary-layer flow.

The velocity distribution used for the laminar case is a
standard solution for laminar flow in a finite rectangular
duct. As given by Rouse,!! the distribution in terms of y
and z is

10 N
ww) = 5o Soyly = d) Y sin"gl X

m=1
(A,,, coshn% + B, sinh?) (13)

where p is the fluid viscosity, p is the pressure, and the
coefficients A, and B, are given by

A, = —@2d%/ umn?)(Op/dx) (cosmr — 1),
B,, = —A,(coshmnmr — 1)/sithmnr

where n = d/b, the aspect ratio of the channel. The choice
of fully developed flow for the laminar case is mathematically
consistent with the assumption of 0/0x = 0. The average
velocity corresponding to the fully developed laminar flow
case may be found by integrating Eq. (13).

In practice, it was found that allowing the summations
in Eq. (13) to end at m = 5 was sufficient, and carrying
the summations to values of m greater than five brought
on some numerical difficulties.
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The most commonly used profile for the turbulent boundary
layer is of the form

w(y) /v = (y/A)M (14)

where A is the boundary-layer thickness, y is the distance
from the wall, and u., is the velocity in the inviscid region
of the flowfield. Although this profile actually applies
for flow over a flat plate, it will be considered that by applying
the expression at all four walls, a reasonable approximation
of channel flow with turbulent boundary layer on the walls
can be obtained.

The electrical conductivity and the Hall parameter are
calculated for the mixture of combustion gas and potassium
hydroxide!? using the approximate method from Frost.1®
The chemical reactions are assumed to be in equilibrium. A
thermodynamic property table including the electron mobility
and conductivity can then be calculated for specific com-
bustion chamber conditions.

Figure 3 shows plots of conductivity of a combustion
gas seeded with KOH (19 K by weight) as a function of
temperature for various pressures. The conductivity de-
creases drastically in the lower part of the temperature
range. Figure 4 illustrates the Hall parameter as a function
of temperature for several values of pressure. The variation
is quite linear in the temperature range of interest.

The relation between velocity and enthalpy is assumed to
obey the Croceco integral

u/uw = <H - HW)/(HGD - Hw)

where H is the total enthalpy, defined by H = A + 3u?,
where % is the static enthalpy. The subscript « refers to
conditions at the axial centerline of the channel, whereas
the subscript w refers to values at the wall. Knowing the
velocity distribution in the cross section of the channel, we
can determine the static enthalpy which in turn will deter-
mine the temperature distribution in the channel using the
thermodynamic chart mentioned above (the pressure in the
cross section must be specified).

Results and Discussion

Throughout the presentation of results, the term ‘“hot
wall” will refer to conditions where the wall temperature
is 2500°K. “Cold wall” will imply a wall temperature of
1700°K. The prescribed centerline temperature T, is
always 2500°K.
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Fig. 4 Variation of Hall parameter with temperature at
various pressures for a potassium seeded (19, by weight)
combustion gas.
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Fig. 5 Current distribution for short circuit, hot wall,
fully developed laminar flow conditions.

The terms “short circuit” and “open circuit” refer to
the electrical loading of the generator. Under short circuit
conditions, the load resistance of the generator is zero,
thus E, is also zero. On the other hand, the load resistance
is infinite under open circuit conditions, and the total current
is zero. Normally, a generator is operated at conditions
somewhere between short and open circuit, since power
cannot be removed at either open or short circuit. How-
ever, it is reasonable to expect that the current distribution
for any electrical loading condition will fall somewhere
between the distributions at open and short circuit.

With reference to velocity conditions, ‘“laminar’ refers
to the assumed fully developed laminar distribution. A
“thick” boundary layer implies that the boundary-layer
thickness A is equal to one-fourth of the channel height
on the electrode walls and one-fourth of the channel width
on the side walls, while a ‘“thin” boundary layer means
that A was reduced to one-tenth of the channel dimensions.
In all cases, the average velocity of the fluid was prescribed
to be 1500 m/sec. The channel cross section was a square.
The pressure was assumed to be 1 atm.

In the results presented below, the magnetic field strength
was taken to be 2 webers/m? unless otherwise noted.

The working fluid was a mixture of combustion gas seeded
with potassium hydroxide. The electron mobility and
electrical conductivity of the gas are shown in Figs. 3 and 4,
respectively.
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Fig. 6 Current distribution for open circuit, hot wall,
fully developed laminar flow conditions.
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Fig. 7 Current distribution for short circuit, cold wall
fully developed laminar flow conditions.

Figure 5 illustrates the current stream function distribution
for a laminar, hot wall, short circuit case. The distribution
is seen to be fairly homogeneous. That is, there are no
regions of extremely high or extremely low current density, as
would beindicated by the distance between the streamlines.
This homogeneity is to be expected in this and all other hot
wall cases since the variation of conductivity is quite small,
It may be seen that a significant portion of the current, just
under 309, is flowing to the side wall of the channel.

The open circuit distribution for the hot wall laminar case
is shown in Fig. 6. It is quite similar to the short circuit
case, with somewhat less current flowing to the side wall.

The laminar, cold wall, short circuit case is shown in
Fig. 7, and is seen to be much less uniform than the hot
wall cases. The layer of Jow conductivity on the side wall
has forced most of the current flow to the center region
of the channel. There is also a region of low conductivity
along the top and bottom walls, but these have relatively
little effect on the cross-sectional eurrent distribution, since
the current flows primarily in a vertical direction because of
the V. X B induced electric field. The current density
along the side wall and in the corner region is seen to be
quite low. In contrast, the current density near the vertical
centerline of the channel is quite high.

Figure 8 illustrates the corresponding open circuit case,
which again is highly nonuniform. However, a new effect
has appeared. Some of the current flowing to the side wall

1.0

=
[
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Fig. 8 Current distribution for open circuit, cold wall,
fully developed laminar flow conditions.
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Fig. 9 Current distribution for short circuit, cold wall,
thin turbulent boundary-layer flow conditions.

is returning from the side wall to flow to the top wall, setting
up current loops between the side and top walls. These
current loops have also been shown to exist for a finite
conducting wall by Bitiurin et al.14

In the case of turbulent flow, the current distribution
is much more uniform regardless of the wall temperature, boun-
dary-layer thickness, and short or open circuits conditions.
Figure 9 shows the current distribution for a cold wall (T, =
1700°K), thin turbulent boundary-layer flow operated at
short circuit condition.

When the Hall parameter is increased, more nonuniformity
in the current distribution results. This is especially so for
the cold wall laminar flow condition.

Figure 10 shows the equipotential lines in the upper
right quadrant of the channel cross section for a cold wall,
thin turbulent boundary layer flow at short eircuit conditions.
The potential gradients are much larger near the electrode
than at the side walls. This situation is generally true
for all conditions except that of the cold wall, fully developed
laminar flow. In that case the potential gradients are large
near both the electrodes and the side walls.

The voltage-current characteristics have been plotted
for several cases and compared so that the effects of wall
temperature and velocity distribution on the power generat-
ing capability of MHD channels operating under various
conditions may be noted. Figure 11 shows load lines for
hot and cold wall laminar flow, hot and cold wall turbulent
flow where the thick boundary layer is assumed, and flow with

v

T, = 1700°K, B = 2 wb/m°

Fig. 10 Cross-sectional potential distribution for short
circuit, cold wall, thick turbulent boundary-layer flow
conditions.
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constant velocity and electrical properties. The results for
the thin turbulent boundary layer are not shown since they
are very nearly the same as the corresponding results for the
thick boundary layer.

The highest power output is produced by the laminar,
hot wall case. On the other hand, the laminar, eold wall
case produced the lowest power output. The great dif-
ference in the two cases indicates the importance of the
conductivity difference between hot and cold wall laminar
flow. In the hot wall case, where the wall temperature is
equal to T, a temperature overshoot effect causes a rise in
the temperature between the wall and the axial centerline.
Thus, the average conductivity would be higher than the
value of the conductivity corresponding to T.. In the
cold wall case, T, is sufficiently lower than T. so that the
average conductivity in the cold wall, laminar case would be
significantly below the conductivity corresponding to T..
This conductivity difference is evidently a major cause of the
difference in power output of hot and cold wall operating
conditions in the laminar flow case. However, other effects,
such as a difference in the Hall parameter as a result of
the temperature difference, undoubtedly enter in. The
significance of other effects is not as clear as is the importance
of the conductivity difference.

The power output for the hot and cold wall, thick turbulent
boundary-layer cases, and for the case of constant velocity
and properties (4 = @, ¢ = 0., and @ = £, were used)
are all quite similar. This result is consistent with a similar
result noted with respect to the current and potential dis-
tributions, and has the same apparent cause. That is the
nature of the + power velocity profile is such that most of the
temperature gradient takes place near the wall, so that the
region of variable conductivity is small.

Figure 12 shows the comparison of the theoretical result
and experiment.! The two end segments of the electrode
were connected with the side walls in the experiments (see
Fig. 20 of Ref. 1). Therefore, the current flows into these
two end pieces include the side wall current. The two the-
oretical results correspond to cold wall (7, = 1700°K)
turbulent boundary layer and short circuit condition. One
is for a freestream Hall parameter of approximately 1, the
other is for about 3. The low Hall parameter result corre-
sponding to the experimental condition gives a much uniform
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Fig. 11 Voltage-current characteristics of Hall gen-
erator.
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Fig. 12 Current distribution on electrode and side walls
(segments 1 and 10 are connected with the side wall).

current distribution. The high Hall parameter case com-
pares much more favorably with the experiment. The
improved agreement is due to the fact that the change of the
Hall parameter has similar effect as change of the cross-
sectional aspect ratio. This can be easily seen by non-
dimensionalizing Eq. (11).

Letn =y/d, £ =2/b,® = ¢o/0Bd, U = w/a, V =v/a =
0 is assumed throughout the caleulations and E, = E./uB,
where d is the distance between electrodes and b the distance
separating the side walls, By the applied magnetic field and @
the average velocity. Equation (11) becomes

2P d? 0*!® O lno 0d
aa?+[,)—2(1+92>]4+ 22O

o0& on o7
d? ) blnab;l> = blna_be_
|:b2 14 Q)] OF of + (QE, — U) on o
)
7,09 onl@/o( + &) <U _9%_ QE> -0
07 ol on
(15)

At short circuit conditions, E. = 0, then the change of
channel cross section aspect ratio is almost equivalent
to the change of the Hall parameter. In the experiment,
the current distribution is measured at the No. 34 electrode
which corresponds tod = 5.051n. and b = 2 in., thus (d/b)? =
6.4. The low Hall parameter case corresponds to Q. =
0.93 and the high Hall parameter case corresponds to Qu. =
2.79. Thus, we have (1 + Q2 = 88 and (d/0)2(1 + Q1.2
= 12. Therefore, the high Hall parameter case simulates
closer to the channel geometry and consequently yields
better agreement. Furthermore, the experiment was con-
ducted at a much lower wall temperature (approximately
600°K) than the wall temperature used in the computation
(T, = 1700°K). This difference will make the current less
concentrated in the theoretical results.

Conclusion

The wall temperature has a very significant effect on the
current and potential distributions and on the power output
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for the laminar, fully developed flow conditions. When the
turbulent boundary-layer velocity profile is assumed, how-
ever, the difference between the wall and freestream tem-
peratures becomes much less important. This is due to the
fact that in turbulent flow, temperatures approaching the
freestream temperature are reached in regions quite close to
the walls. The thickness of the turbulent boundary layer
has little effect either on the current and potential distri-
butions or the power output of the generator.

The value of the load resistance of the Hall generator
seems to have a relatively minor effect on the current and
potential distributions in the cross-sectional plane, when
compared with other more significant effects. This is
particularly true in the turbulent boundary-layer cases.

Increasing the strength of the magnetic field, Hall pa-
rameter and decreasing the channel cross sections aspect
ratio b/d increase the nonuniformity of the current distri-
bution, generally causing more current to flow to the side
walls and more to return from the side walls and flow on to
the top wall under laminar flow conditions. Again, the
turbulent flow current distributions are altered much less
than the laminar cases, though there is a notable increase in
the amount of current flowing to the side walls.
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